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Abstract 

In the present paper we discuss the approximation properties of Jain-Baskakov operators with parameter c. The 
present paper deals with the modified forms of the Baskakov basis functions. We establish some direct results, 
which include the asymptotic formula and error estimation in terms of the modulus of continuity and weighted 
approximation. 
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1. Introduction 

In 1972, G.C. Jain E] introduced and studied the following class of positive linear operators 

OO 

p n ] tf,x) ='52“p(v,nx)f (A) , 

i »=0 


where 


( 1 . 1 ) 


wp(v, nx) = nx(nx + v(3) 


v-l ' 


e—(nx+vp) 

v\ 


( 1 . 2 ) 


and /3 e [0,1), / € C(R + ). In the particular case (3 = 0, P^, n £ N, turns into well-known Szasz-Mirakjan operators 
121. A Kantorovich-type extension of P iA was given in 14]. In the last few decades several authors contributed to 


the approximation theory, fractional differential and integral equations have recently been applied in various areas 


of engineering, mathematics, physics and bio-engineering and other applied sciences (see 

10] introduced modified Jain-Baskakov operators as follows 

/ \ OO pOO 

v n,c(f’ x ) = —— A nx) / p ntV - ltC (t)f{t)dt + e~ nx f(0), 

c v=l J o 


EL R H> H, 0, 


181 ] and references therein). 

Very recently Patel and Mislrra 


(1.3) 
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r(n/c H - v — (ct) v ^ 

where p n ,„_i,c(t) = c ■ ——— , and wp(v,nx) are as defined in (fL2l) . 

1 (c)l yri/c) (1 + ct) n / c+v ~ l 

As a special case, i.e., c = 1, the operators |L3 reduce to the Jain-Baskakov operators which is defined in [10|. 
The operators given by m have different approximation properties than the operators defined for c = 1. 

The present paper deals with the study of some direct results in ordinary approximation for the modified Jain- 
Baskakov operators with parameter c. We study weighted approximation theorems, rate of convergence of these 
operators. 


2. Auxiliary Results 


Lemma 


i- & fly. 


| \J) For Pn\t m ,x ), m = 0, we have 


pW(t 3 ,x) = 


3x 2 


(1 - /3) 3 n( 1 - /3) 4 


(6/3 4 - 6/3 3 - 2/3 - l)a 
?r 2 (l — /3) 5 


Pl? ] {t\: 


6a; 3 (36^ 4 - 72/3 3 + 36/3 2 - 8/3 - 7)a; 2 


(1 — /3) 4 n(l — /3) 5 n 2 (l — /3) 6 

(105/3 5 - 14/3 4 - 2/3 3 + 12/3 2 + 8/3 + l)x 
n 3 (l — /3) 7 


Lemma 2. Tbr n > 5c > 0 , we have 

' D n,c( 1 ’ X ) = 1 ’ T> n,c( t i x ) = 


nx 


(n- 2c) (1-/3)’ 




(n — 2c) (n — 3c) 


a: 2 ® (2 - 2/3 + /3 2 ) 


(1-/3) 2 n(l-/3) 3 


o 3 n 2 a; 2 (—(1 - /3)am + 3(/3 2 - 2/3 + 2)) /1\ 

n ’ cl ’ j (1 — /3) 4 (n — 2c)(n — 3c)(n — 4c) \nJ ' 
p 4 = n 3 a; 3 ((l - /3)a;n + 6(/3 2 - 2/3 + 2)) /1_\ 

n,c ’ (1 —/3) 5 (n — 2c)(n — 3c)(n — 4c)(n — 5c) \n/ 


Proof. For n > (j + l)c, we have 


/*oo 

/ t J p ntV -i >c (t)dt = 

Jo 


= c- 


cT(n/c + v — 1) T(u + j)T(n/c — j — 1) 
r(u)T(n/c) c- ?+1 T(n/c + a; — 1) 

(u + j - !)•••« 


It follows that 


(n - c)...(n - (j + l)c)' 

OO 

^(M) = -— ~^2^p(v,nx) ■ —^— + e~ nx = pW\l,x), 

r z ' n. — r 


n —1 


« . x n — c ^, . cr? 

u" c ((,x) = — L "/»(»,■"»)■ („_ c)(n _ 2e) 

n=l v 7 v 7 


n — 2c 


(i>,n®)^ = ^^Pf ] (t,a;), 
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^n.c^ 2 )*) = -- -J2up( v ,nx) 


)(v + 1) 


n—1 
^2 


(n — 2c) (ra — 3c) 


(n — 2c) (n — 3c) 


(n — c){n — 2c) (ra — 3c) 

OO 

'Y^wp(y,nx)- 


v 2 +v 


pW(t 2 ,x) + ±-PW(t,x)), 


Kc it 3 , 


n — c 


x = 


\ cu(v + l)(u + 2) 

> UJg(v.nx) ■ 7-T7-—77--—77-- 7 

t—* (n — c)(n — 2c)(n — 3c)(n — 4c) 


(n - 2c) (n - 3c) (n - 4c) ^ 


^ujp(v,nx) 


v 3 + 3v 2 + 2v 


n 


(n — 2c) (n — 3c) [n — 4c) 


pW(t 3 ,x) + -PW(t 2 ,x) + ^pW(t,x)) , 
n n A ) 


W 5 ^4 ^ n-c ^ , cv(v + l)(v + 2){v + 3) 

KJt, x) = — X, ue(v, ■ {n _ c)(n _ 2c)(n _ 3c)(n _ 4c)(n _ 5e) 


^2ujp(v,nx) 


,j4 _i_ Q y 3 _j_ y\v 2 + 


(n — 2c) (n — 3c) (n — 4c) (n — 5c) 

4 

n 

_x 

(n — 2c) (n — 3c) (n — 4c) (n — 5c) 

x (pjfV,*) + + ^ ] (i 2 ,*) + Vf (*.*) 


Using Lemma [1] we get the conclusion. 
Lemma 3. For n > 5c > 0, we have 



= T>P 

n. 

At- 

x, x) 

x(n(3 + 2c(l — /?)) 

(n — 2c) (1 — f)) 


r2,n,c 

= V 13 

n. 

Ai*- 

-x)\ 

x) 



X 2 

(n 2 /3 2 

+ n 

(c + 4 c/3 — 5c(3 2 ) + 6c 2 — 

12c 2 /3 + 6c 2 (3 2 





(n — 2c) (n — 3c)(l — /3) 2 


,.p 

^4,71,0 

= K 

Ait- 

- z) 4 , 

x) 



(i- 

- P)n 

3 /3 2 x 

4 (2c(3 + 4/3 — 7/3 2 ) + (3 2 n 

) + 6n 3 f3 2 x 2 (l3 ' 


[n — 2c) (n — 3c) (n — 4c) (n — 5c) (1 — /3) 5 
Proof. The proof follows from Lemma [21 


(n — 2c)(n — 3c)(l — /3) 3 ’ 


+ o 


□ 


□ 


3. Direct theorem 

Let the space Cb[0,oo) of all continuous and bounded functions be endowed with the norm ||/|| = sup{|/(x)| : 
x € [0,oo)}. Further let us consider the following K-functional: 

lC 2 (f,S)= inf {||/-5ll+% ,, ||}, (3.1) 
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11], there exists an absolute 


where <5 > 0 and W 2 = {g G Cb [0, oo) : g',g" G Cb[ 0, oo)}. By the methods as given in 
constant M > 0 such that 

JC 2 (f,S)<Mu 2 (f, VS), 


where 


w 2 (/, VS) = sup sup \f(x + 2h) - 2f(x + h) + f(x)\ 

0 <h<VS x’C [0,oo) 


is the second order modulus of smoothness of / G Cb[ 0, oo). 

Theorem 1. For f G Cb[0,oo) and n > 3c > 0, we have 

I Vn,c(f’ X ) ~ /( X ) I ^ W (/’ Myn.cO)) + Mw 2 ^/, (/‘f,»,c( ;C )) 2 + ^2,n,c ( X )^ > 

where M is a positive constant. 

Proof. We are introducing the auxiliary operators as follows 

viAf, x) = <„(/, *)-/(* + +/<*)■ 

Let g G W 7 ]^ and x. t. G [0, oo). By Taylor’s expansion we have 


g(t) = g{x) + (t - x)g'(x) + f ( t-u)g"(u)dv 

J X 


Applying V? we get 


Vn,c(9 > x ) “ 9{x) = g'{x)V^ c ({t -x),x)+ V^ c (^J (t - u)g"(u)dv 


Now, 


\Dn,c(9’ x ) -g(x)\ < T>P 


(■t — u)g"{u)du 


,x 


< < c ((f-x) 2 ,x) \\g» 


+ 


, (2c-2cB + nB)x 

r x + (n 2 c)(i /3> / (2c — 2c/3 + n(3)x , ... 

1 X + -. - ^rrz—kk - U g (u)du 


(n — 2c) (1 — P) 


< 


F 2 , n A X ) + 


(2c — 2 c/3 + n/ 3)x 
(n - 2c) (1 - p) 


II g" 


Since, 


00 />00 

Pn.cCf.®)! < {n-c)/c^2wp(v,nx) / p„,„-i, c (t)|/(t)|tft + e _n:E |/(0)| < 

„=i Jo 


\ V nM’ x ) - f( x )\ ^ ^ - (/ - 5)WI + - 3(^)1 


+ 


(2c — 2c/3 + nfi)x , 

X + —-~ rrz -— I - f{x) 


(n — 2c) (1 — ft) 


< 2 ll/ _ 5ll + 


& ( \ , ((^c-2cp + np)x\ 

(„_ 2c)( i-ff) ) 


lls" 


+ w /> 


(2c — 2c/3 + n/3)x 
(n — 2c) (1 — p) 


(3.2) 
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Taking infimum overall g £ W 2 , we get 


l®n,c(/. x ) - /(*)I < ^2 ^/, ^ in>c (*) + .-2cxt-^) a ' ) 

(2c — 2c/3 + n/3)x' 


+ w /» 


(n - 2c) (1 - /3) 


In view of (13.21) . we have 


Pn.cCAz) - /GO I < Ma; 2 ^ l4, n , c i x ) + 


/ 


(2c — 2 c/3 + rc/?);r 
(n — 2c) (1 — /?) ; ’ 


which proves the Theorem. 


□ 


3.1. Rate of Convergence 

Let i? Po (R + ) be the set of all functions / defined on R + satisfying the condition |/(x)| < M/( l + x 2 ), where Mf 
is a constant depending only on /. Now, C' Po (R + ) can be represented as 
{/ £ B Po ( R + ) : / is continuous and is convergent as x —> oo}. For any positive a, by 

u a (f,8)= sup sup 

|£—:r|<<5 a;,tG[0,a] 

we denote the usual modulus of continuity of / on the closed interval [0, a]. We know that for a function / £ C Po (R + ), 
the modulus of the continuity u> a (f,S) tends to zero. 

Now, we give a rate of convergence theorem for the Modified Jain-Baskakov operators. 

Theorem 2. Let f £ C Po (R + ) and uj a +i(f,5) be its modulus of continuity on the finite interval [0,a + 1] C R + , 
where a > 0. Then for n > 3c, 

II^n.cCf) - f\\c[0,a] < 6Mf(l + a 2 )/4„ >c (x) + 2w a+ i (j, sj A l2,n,c( x )j • 

Proof. For x £ [0, a] and t > a + 1, since t — x > 1, we have 

m-f(x)\ < Mf{2 + x 2 +1 2 ) 

< M f (2 + 3x 2 + 2 {t - x) 2 ) 

< QM f (l + a 2 )[t — x) 2 . (3.3) 

For x £ [0, a] and t < a + 1, we have 

|/(x)-/(t)| <u a+ i(f,\t-x\) < ^1 + ^ ^^ a+i(M) (3-4) 

with S > 0. 

From (13.311 and (13.41) we can write 

1/(0 - f(x )| < 6M/(1 + a 2 )(t - x) 2 + ^1 + ^ w a+ i(/,5), (3.5) 


5 











for x £ [0, a] and t > 0. Thus 

Pn.cCAz) - f(x)\ < T>^ c (\f(t) - f(x)\,x) 

< 6M/(1 + a 2 )T>^ c ({t — x) 2 , x) 

+Ua+l(f,6) (l + i< c ((i-z) 2 ,*) 1/2 ). 
Hence, by Schwarz’s inequality and Lemma [31 for x £ [0, a] 

- f( x )\ < 6M/(1 + a 2 )p f 2nc {x) +u a+ 1 (f,S) + . 

By taking S = yfp^Jx), we get 

WKc(f) ~ f\\c[o,a] < QM f (l + a 2 )p^ c (x) + 2w a+ i ^/, ^ nin,c( x ^ ' 
This completes the proof of Theorem. 


□ 


3.2. Weighted approximation 

Now we shall discuss the weighted approximation theorem, where the approximation formula holds true on the 
interval K+. 

Theorem 3. If f £ C Po (R + ), lim /3 n = 0 and n > 3c. Then, 

n—> oo 

lim ||I+(/) - f\\ P0 = 0. 

n—> oo 

Proof. Using the theorem in [4] we see that it is sufficient to verify the following three conditions 

hm ||D^ c (t r ,a;) - ^Upo = 0, r = 0,1,2. (3.6) 

n—>oo ’ 

Since V^ C {1 ,x) = 1, the first condition of (13.61) is satisfied for r = 0. 

Now, for n > 2c 

[Dfr c (t,x)-x\ 


\\V^ c (t,x)-x\\ P0 = sup 

xG[0,oo) 


< 


l + x 2 


< 


(n - 2c)(1 - p n ) 
2c 


+ 


T - 1 

sup 

) 

xG[0,oo 

npn 


2c)(l 

~Pn) 


which implies ||X>^ n c (f, x) — cc|| po = 0 as n —> oo with p n —> 0. 
Similarly, we can write for n > 3c 


\\V^ c (t 2 ,x)-x 2 \\ Po = SU P 

xG[0,oo) 


< 


~ X 2 

1+X 2 

n 2 


(n - 2c )(n - 3c)(1 - P n ) 2 
n (2 - 2/3„ + /?);) 


- 1 


sup , 

rr£[0,oo) 


(n 2c)(n 3c)(1 - /3 n ) 3 


sup 

x£[0,oo) 


1+X 2 
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which implies that 


Thus the proof is completed. 


lim \\V^ c (t 2 ,x) - x 2 \\ Po = 0 with /3 n ->• 0. 


□ 


We give the following theorem to approximate all function in C Po 
locally integrable functions. 


. This type of results are given in [5( for 


fl 


Theorem 4. Let f3 n —> 0 as n —> oo. For each f £ C Po (M + ) and A > 0, we have 

I- f(x )| 


lim 


xe[0^o) (l + z 2 ) 1+A 

Proof. For any fixed Xq > 0, 

I x ) ~ fix )I 


= 0. 


xS) (1 + ^) 1+A 


I Vfccif’X) - fix )I 


^ i n,c\J ’ / «/ V /l . I n.c 

— SU P -h- oTTTI -1- sup 


l^"c(/»*) - /( X )l 


c <xo (1 + * 2 ) 1+A 
< Wtif) - /llc[0,xo] 

l^cl 1 + i2 >£)l 


>xo (1 + ^ 2 ) 1+A 

l/( a: )l 


PO x S >x P „ (1 + ,T 2 ) 1+A + x>x 0 (1 + X 2 ) 1+x ' 


The first term of the above inequality tends to zero from Theorem [2 By Lemma [2] for any fixed Xq > 0 it is easily 
\V^ n c (l + 1 2 , x)\ 

seen that sup — j 2 - , . - > 0 as n —> oo with B n — ► 0. We can choose xq > 0 so large that the last part of 

x>x 0 (l + a: 2 ) 1+A 

the above inequality can be made small enough. 


Thus the proof is completed. 

Theorem 5. Let b > 0 and f3 n £ (0,1) such that n/3 n —> l £ R os n —> oo. 

Then for every f € C[0, 6], twice differentiable at a fixed point x £ (0, b), we have 

lim n(D^ c (f,x) - fix)) = a ;(/ + 2c) fix) + x ( 2 + xc ) f"( x ). 

rt .—Vrv~> ’ / 


□ 


Proof. From Lemma [3] we have 

lim npf n = x(l + 2c), 

n—> oo ’ ’ 

lim n/4” = x)2 + xc), 

n—too ’ ’ 

lim np f” n = 0. 

n —>oo ’ ’ 

Using Theorem 2.1 from B we get the conclusion. □ 

4. King’s Approach 

To make the convergence faster in 2003, King B proposed an approach to modify the classical Bernstein 
polynomial, so that the sequence preserve test functions eo and e 2 - After this approach many researcher contributed 
in this direction. Motivated by such type of operators, we generalized King-type approach of the operators m as 


7 










follows: 


For /3 G [0,1), x G [0, oo) and f G C Po (M + ), we introduced King-type positive linear operators as 

/ \ OO /»00 

v *n,cU’ x ) = ~— —^u)p(v,nr n {x)) / p n ,v-i(t)f(t)dt + e~ nr ^ x) f(0), 

c Jo 


(4.1) 


_2c)(l_ $')•£ __ 

where r n (x) =- and wp(v,nx) and p n , v -i(t) as same as defined in (11.21) and (11.31) . 


Lemma 4. The following holds 

K 0 c(t 


X>*f c (l, a:) = 1, V&(t,x)=x, 

n- 2c 2 (2 -2/3 + /3 2 ) 


-a; + 


■a:, n > 3c, 


(n — 3c) (n — 3c)(l — /3) 2 ’ 

a 2 n((l — /3 2 )(n — 4c)a + 3(/3 2 — 2/3 + 2)) /1 

(1 — /3) 2 (n — 3c) (n — 4c) 


v *p /.4 x = n 2 a 3 ((l - /3) 2 (n - 6c)x + 6(/3 2 - 2/3 + 2)) ^ 1 

"’ cl ’ ’ (l-/3) 2 (n-3c)(n-4c)(n-5c) 


, n > 4c, 


, n > 5c. 


The proof follows from Lemma [2] and linearity of D*^ c . We observe that the operators 'D*f c are preserves linear 
functions that means, T>*f‘ c (a + bt, x) = a + bx for constants a, b. 

Lemma 5. The following holds 


lA 0 n,c = T > * n 0 c { t - x ^ x ) =0 
tH P n,c = V n P c((.t- X ) 2 ,x) = 


*0 _ ^*0 (U ^ 2 ^ __ c ji , (2 — 2/3 + /3 2 ) 


a;, n > 3c, 


n — 3c (ra — 3c) (1 — /3) 2 
/4f n>c = ^nfcCO - z) 4 > x) = o ^ , n > 5c. 

The proof follows from Lemma [I] 

Theorem 6. Let (D*' 5 ” , n > 3c, fee defined as in S3, where lim j3 n = 0. For any compact B C K + and for each 

n—>oo 

f G C Po (R + ) one has 

lim 'Dn^c(f,x) = f(x), uniformly in x G B. 

n—>oo ’ 

The proof follows from Lemma |4] and Korovkin theorem Q . 

Theorem 7. For f G Cb[ 0, oo), 0 < /3 < 1 and n > 3, we have 

\K 0 c (/,*) - /(®)| < C 1W2 (/, , 


where C\ is a positive constant. 


Proof. Let g G and x G [0, oo). Using Taylor’s expansion 

g(t) = g(x) + g'(x)(t - x) + f (t - u)g"(u)du, iG[0,oo) 


and Lemma 01 we have 











v *n,c{ 9 iX) - g(x) = V* n p (/ (t - u)g"(u)du 


Notice that, 


(t — u)g" (u)du 


<(t-xY\\g"\\. Thus 




Since \V^ c (f,x)\ < 


\V^ c (f,x)-f(x)\ < \V* n 0 c (f - g,x) - (f - g)(x)\ + \V*^ c (g,x) - g{x)\ 

< 2\\f-g\\+^ n Jg"\\. 

Finally taking the infimum on right side over all g £ and using (13.21) . we get the desired result. □ 

Now, we establish the Voronovskaja type asymptotic formula for the operators T>*^ c : 

Theorem 8. Let b > 0 and /3 n £ (0,1) such that n/3 n — > 0 as —> oo. 

Then for every f £ C\ 0, 6], twice differentiable at a fixed point x £ (0, 6), we have 

lirn n(V^f(f,x) - f{x)) = x(2+xc)^-^-. 

n—> oo ’ 7 Z 

Proof. From Lemma [5] we have 

lim = 0, 

n—>oo 7 7 

lim ng*/Z c = x ( 2 + xc ), 

n—t oo ’ 7 

lim ng*h c = 0. 

n —>oo 7 7 

Using Theorem 2.1 from [lj we get the conclusion. □ 
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